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ABSTRACT
Crack growth and closure behavior of thin and thick middle-crack tension
specimens under constant amplitude loading were investigated using a
three-dimensional elastic-plastic finite-element analysis of fatigue
crack growth and closure. In the thin specimens the crack front closed
first on the exterior (free) surface and closed last in the interior
during the unloading portion of cyclic loading. _ne stabilized
crack-opening stresses of thin (t=4.78nTn) and thick (t=12.7rmn)
middle-crack tension specimens are determined at the interior and
exterior regions _nder constant amplitude loading (R=O.I, Smax/Oo=0.25,
o is the effective yield stress) For the thin specimen the stabilizedo
stress levels were found to be 0.34 Sma x and 0.56 Sma x, whereas for the
thick specimen the corresponding stress levels were 0.26 Sma x and 0.46
Smax, respectively.
A load-reduced displaeenent technique was used to determine crack-opening
stresses at specified locations in the plate from the displacements
calculated after the 7th cycle (using unloading and reloading portions of
cyclic loading). All locations were on the plate exterior surface and
were located near the crack tip (about 0.9 ram), behind the crack tip
(about 4.30 ram) and at the centerline of the crack. With this technique
the opening stresses at the specified points were found to be 0.52, 0.42
and 0.39 times the maxim_n applied stress.
Sponsoring Agencies: The Defence Material Administration (FMV) and
NASA Langley Research Center
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1 INTRODUCTION
The growth of a surface or through crack in a structural cc_0onent is a
three-dimensional process. Near regions where a crack intersects a free
surface, the material is under plane-stress conditions. However, the
crack front in the interior of the body mmy be under plane-strain condi-
tions. Previous experiments and analyses have shown that the crack
closure behavior is greatly affected by the state of stress. Closure
under plane-stress conditions is muQh greater than that under
plane-strain oonditions.
During the past two decades many researchers have used Elber's crack-
closure concept [1-3] to explain various experimentally observed fatigue
crack growth phenomena and also for prediction of fatigue craok grcwth
under various load histories. Several researchers [4-14 ] have analyzed
the behavior of crack growth and closure of specimens under various load
histories under both plane stress and plane strain conditions using two
dimensional elastic-plastic finite-element analysis.
However, the crack closure behavior of finite-thickness plates under
cyclic loading is not fully understood and two-dimensional finite-el_ment
techniques cannot be used for analyzing these specimens. In order to
analyze crack growth and closure behavior of finite thickness plates, a
three-dimensional elastic-plastic finite-element technique was developed
[15]. The model was used to determine crack-opening and closure stresses
of a middle-crack tension (MT) specimen both under constant and variable
amplitude loading [16 ] and also to study the influence of specimen
thickness on the computed crack opening stress levels [17 ].
The purpose of the present study is to investigate crack grcwth behavior
of thin and thick MT- specimens under constant amplitude loading
conditions. The stabilized craok opening stresses of interior and
exterior regions and the closure and qoening profiles of the
crack-surface plane after the 10th cycle are presented for both thin and
thick plates. The effect of thickness on crack opening stress levels, and
plastic zones of interior and exterior regions is demonstrated for the
thick specimen after I0 cyclic loadings.
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To determine the crack-opening stresses at specified points an the thin
plate exterior surface, a load-reduced displacement technique was used
based on displacements c_Iculated after the 7th cycle (using unloading
and reloading portions of cyclic loading). This technique is similar to
the compliance techniques used by host experimentalists to measure crack
opening load levels. All analyses are performed under constant amplitude-
loading (R=O. 1 ) assuming elastic-perfectly plastic conditions.
2 NUMERICAL ANALYSIS
The three-dimensional elastic-plastic finite element procedure used to
simulate crack extension and crack closure has been described in detail
elsewhere [15]. Here, only a brief summary is given.
The middle-crack tension specimen (Fig.l) is modelled with linear
eight-noded isoparametric solid elements (Fig.2). Due to symmetry
conditions, only one-eighth of the specimen was analysed.
2.1 Elastic analysis
The small-strain theory, linear-elastic material properties and a 2x2x2
quadrature scheme were used to calculate the element stiffness mstrix
[18]. The equations of equilibri_were obtained from the principle of
minimum total potential energy and are expressed as
[Ke]{u}--{p} (1)
where matrices Ke, U and P represent total structural stiffness, nodal
displacements, and applied loads, respectively. Equation (I) was solved
using Cholesky's factorizaticn technique. The stresses and strains were
evaluated at the eight quadrature points in the element.
2.2 Elastic-plastic analysis
The elastic-plastic analysis was based an Zienkiewicz et al., initial
stress method [19]. Yielding was evaluated at every quadrature point
using the van Mises yield criterion. Stresses in excess of the yield
stress (for an elastic perfectly plastic material) were redistributed
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using Drucker's normality flow rule [20]. The analysis used s_all-strain
and incremental plasticity theory. The cc_01ete algorithm is given in
ref. [19]. _ne main advantage of this method is the repeated use of the
factorized elastic stiffness matrix. The equations of equilibrium which
govern the elastic-plastic deformation are
[Ke] {U}={P}+{Q} (2)
where Q is the plastic-load vector. The Q forces maintain the plastic
strains in the elements. In the initial-stress method, the solution to an
elastic-plastic problem is obtained by applying a series of small load
increments to the structure until the desired applied load is reached.
The load increment was chosen as 20% of the load required to yield the
first element. At each load increment, eq. (2) _s solved iteratively, q3ne
iteraticn process was repeated until the effecti_ stress was within 2%
of the yield stress in all yielded elements. Usually 5 to 15 iterations
were required for convergence.
2.3 Crack extension and closure analysis
Fatigue-crack grc_th simulation involves opening and closing of the crack
surfaces, which leads to a variable boundary-value problem. In ref. [ 4 ],
an algorithm is given to modify the factorized stiffness matrix to change
the appropriate boundary conditions. The technique involves introducing a
very stiff spring to restrain a boundary displacement or removing the
spring to free a displacement restraint (to qoen the crack). _ne "rigid"
spring stiffness (107 times the modulus of elasticity) was added to the
diagonal coefficient in the eonventional elastic stiffness matrix. To
extend the crack, the stiffness of the springs at the crack front was set
equal to zero in the nDdified stiffness mtrix Ke and the forces F that
were carried by the springs were then applied to the crack-front nodes.
The equilibrium equations are
[Ke]{U}--{P}÷{0}÷{F}. C3)
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The nodal forces F, used only during crac_ extension, were arbitrarily
chosen to be released in five equal load steps to advance the crack
front. To insure that the stress and total strain increments in the
adjacent elements satisfied the appropriate yield conditions and flow
rule, the iterative analysis [19 ] was repeated and the forces previously
carried by the broken springs were released and redistributed.
During cyclic loading, the nodal displacement along the craok plane were
monitored to determine whether the crack surfaces at any node were to
open (positive displacement) or close (negative displacement). If the
crack surfaces should open, the stiffness of the boundary spring would be
set equal to zero and the stiffness matrix would be updated. If the crack
surfaces should close, the spring stiffness would be set to an extremely
large value and the stiffness matrix would again be updated. No attempt
was made in any of the analyses to include a failure criterion for crack
extension. The crack was extended one element size (0.03mm) per cycle
when the maximum applied stress was reached.
3 SPECIM_W CONFIGURATICN AND LOADING
A middle-crack tension specimen (Fig. i) was studied under constant amp-
litude loading (R = 0.i, Smax/C o = 0.25) in all the analyses. The
material was assigned to be elastic-perfectly plastic. The dimensions of
the specimen were b = 38.1 ram, h = 2 b and t -- 4.78 mm and 12.7 ram, re-
spectively. The crack was extended by one element size (0.03 ram) at the
maximum applied stress of each load cycle. The initial crack length c.1
was 18.6 mm. The modulus of elasticity E was 70 000 MPa, Poisson's ratio
Was 0.3, and the effective yield stress cO was 345 MPa. The finite-ele-
ment idealization of the model is shown in Fig. 2. Because the specimen
configuration and loading were symmetric, only one-eight of the plate was
modeled. A four-layer model was used in the present analysis. The layer
thicknesses (ti) were chosen as 0.5 t, 0.25 t, 0.15 t, and 0.i t where
the m-_llest layer Was located on the exterior (free) surface of the
specimen (z = t). The mesh had 3804 elements and 5145 nodes with 15435
degrees-of-freedom. For purposes of discussion, the Z--0 plane is referred
to as the "interior" plane and the Z--t plane as the "exterior" plane.
Figure 2 also shows elements on the "interior layer" and "exterior
layer" •
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4 RESULTS AND DISCUSSION
First, the analysis was applied to the thinner specimen (t--4.78mm). The
stabilized qoening stresses for interior and exterior regions after the
10th cyclic loading, already reported in Ref. [16 ], were found to be 0.34
and 0.56 times the maximum applied stress (Smax), respectively, as shown
in Fig.3. Next, the same finite-element mesh was used and the thickness
of the layers was increased. The specimen thickness was 12.7 mm and the
model was exercised under the same type of loading whiQh was used for the
thinner plate. The stabilized crack-opening stresses of interior and
exterior regions after 33 cycles were found to be 0.26 and 0.46 times the
maximum applied stress (Smax), respectively, as shown in Fig.4.
The drop in opening loads can be explained as follows. The constraint
effect at the interior region (z=o plane), causes a variation in
displacements through the specimen thickness which gives different
opening loads for interior and exterior regions, respectively.
The interior regicn (z=o plane) is considered to be under plane strain
conditions, whereas the exterior region (z--t plane) is approximately
under plane stress conditions. The crack-opening stress level of the
interior region first reached a _ximum peak(So/Smax=0.34) and then _oon
further crack-extensicn dropped to a ratio of 0.28. A similar trend in
crack opening stress is reported by Fleck and Newman [14 ] under
plane-strain cx)nditions. The exterior region crack-opening stress level
experiences a similar behavior and dropped to a ratio of 0.52. The
constraint effect whidl gives different deformations on the interior and
exterior regions of a three-dimensional n_del, c_uses a variation in
opening stresses through the specimen thickness. The crack-opening
stresses of thin and thick specimens through specimen thickness are shown
in Fig.5. The thinner plate crack-opening stress level of the interior
region is less than that of thick plate, whereas the crack-opening stress
level of the thin plate for the exterior region is higher than that for
the thick plate.
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The closure and opening profiles of the crack-surface plane for the 10th
load cycle of the thinner specimen, already reported in Reference [16],
are sho_n in Fig. 6. The interior region is fully open at the stress
level of 0.36 Sn_ x. At a stress level of 0.56 Smx, the surface nodes
behind the crack-tip node are still closed. As soon as the applied stress
reaches beyond 0.56 Sma x, the entire crack-plane is fully Qpen.
The closure and opening profiles of the crack-surface plane for the 10th
load cycle of the thicker specimen are shown in Fig. 7. At the stress
level of 0.34 Sma x, the interior is fully open while the surface nodes
behind the crack-tip node are still closed. As the applied stress reaches
beyond 0.34 Sinsx, the entire crack surface plane is fully open. Clearly,
the thicker specimen has a s_aller surface layer influenced by the state
of "plane stress" at the free boundary, due to more plastic constraint,
and consequently the overall crack closure behaviour is more dominated by
the interior plane strain region. In this analysis, the thick specimen
had the same thickness ratio (thickness layer over plate thickness) as
the thin plate. To obtain a better result, the thick plate with several
layers should be used in the analysis.
The effect of constraint can also be visualized by comparing the size of
the plastic zones resulting from different deformations through the
specimen thickness after the 10th cyclic crack extension for the interior
and exterior regions of the thick specimen as shown in figs.8 and 9,
respectively.
4.1 Load-reduced-displace_ent ecmpliance technic_ue
The load-reduced-displacement technique is frequently used by experi-
mentalists to obtain the crack-opening stress from displacements measured
at various locations along the crack plane. Here, the load-reduced-
displacement technique us used to derive crack-opening stress levels
frcm displacements at specified locations A I, A 2 and A 3 along the crack
plane an the outer surface for the thin specimen (t--4.78 ram), (see
Fig. I0). The _ location _s first chosen by Elber [3 ] to m_ke his
experimental measurements. Location _ is 4.30 mm behind the crack front.
The A 3 location is at the center of the specimen which is ccr_only chosen
for experimental measurement of crack-opening stress levels.
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The applied stress is plotted against the crack-opening displacement for
the specified points A I, A 2 and A 3 as shown in Fig. i0. These curves are
constructed using the displacements calculated for 65 load increments.
Points A 2 and A 3, which lie on the crack surface, give larger
crack-opening displacements than point AI. Hcwever, the displacements at
point A 1 should be more sensitive to the closure behavior on the outer
region of the nDdel. Figs. ii to 13 show the load-reduced displacement
plots for points A I, A 2 and A 3, respectively. These load-reduced
displacement plots were obtained using the follc_ing steps.
A straight line is fitted through unloading points of the 7th cyclic
loading. Kncwing the equation of this line, an expression for the
displacement quantities is obtained. For each load increment, the
corresponding displacement quantity is then found from the equation of
the straight line. The differenc_ between the finite element calculation
and the straight-line displacement is called the reduced displacement
which is due to the effects of plasticity.
The applied stress and reduced displacement quantities were found using
the unloading and reloading portions of the cyclic load history. For
unloading and the range of applied stress between 86.2 MPa and 68.95 MPa,
the reduced displacement values are zero. Between 68.95 MPa and 41.37 MPa
stress range, the reversed plasticity at the crack front causes the re-
duced displacement values to decrease. Below 41.37 MPa, reversed
plasticity and crack closure causes erratic behaviour of the reduced
displacement plot. Crack closure tends to increase the reduced
displacement value (opposite to that caused by reverse plasticity). At
the minimum applied stress, Smi n = 8.62 MPa, the mximum reduced
displacement value _s obtained. For the reloading portion of the load
history, the cur_ goes to the left because the crack-surfaces are
qoening behind the crack front. For the point at which 5S/5_V -- _, the
crack-opening stress was obtained. The crack-opening stress for point A 1
was found to be 45 MPa. Upcn further reloading, the cur_ moved to the
right and c_me back to its starting point.
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A similar trend was found for points _ and _. The crack-opening
stresses for points A 2 and A 3, using the load-reduced displacement plot,
were found to be 36 and 34 MPa in Figs 12 and 13, respectively.
The normalized crack-opening stress, as a function of normalized distance
frcfn the center of the crack for points h' _ and _ is shown in Fig.
14. Based on these results, it can be seen that point _ has a reduced
displacement crack-opening stress close to the outer region reduced
displacement crack-opening stress. On the other hand, point A 3 has a
reduced displacement crack-opening stress level closer to the inner
region value. The reduced displacement crack-opening stress for point A 2
is located between the crack-opening stresses of points A 1 and A 3.
5 O01_CLUSIONS
The three-dimensional model was applied to middle crack tension specimens
with two different thicknesses to investigate crack growth and closure
behavior under constant amplitude loading. A load-reduced displacement
technique was used to calculate the crack opening stresses at specified
locations on the crack surface plane. Results fran the analysis support
the following conclusions:
i) The crack opening stress level in the interior region is lower
than that for the exterior region of the three-dimensional body
which is due to the Constraint effect. The effect of Constraint on
thickness gives a lower stabilized crack-opening stress level of
0.26 Smaxand 0.46 Sma x for the interior and exterior regions of
the thick specimen than for the thin plate, where the same values
became 0.28 Sma x and O. 52 Sma x, respectively.
ii) The crack-opening stresses at three specified locations on the
crack-surface plane of the thin specimen (t = 4.78 ram) were
calculated using a ioad-reduced-displacenent technique. The
normalized crack-opening stress, as a function of normalized
distance from the center of the crack for points h' _ and _ is
shown in Fig. 14.
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iii ) Closure values determined by the load-reduced-displacement
technique (similar to experimental studies) approach those derived
from the point of oontact at the first crack tip node in the
finite element solution. However, due to the smaller sensitivity
of the load-reduced- displacement technique those values are
dependent on location on the specimen surface. Close to the crack
tip the value approaches the "plane stress" value, while far away
from the crack tip a value close to the inner region "plane
strain" result is obtained.
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Fig.2 Finite-element idealization of middle-crack tension specimen
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Fig. II Determination of crack-opening stress using a load-reduced-
displacement technique for point A I (t=4.78 mm)
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Fig. 12 Determination of crack-opening stress using a load-reduced-
displacement technique for point A 2 (t=4.78 mm)
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Fig. 13 Determination of crack-opening stress using a load-reduced-
displacement technique for point A 3 (t=4.78 mm)
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Fig. 14 Variation of crack opening stress for specified locations
along the crack plane (t=4.78 n_n)
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